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SUMMABLE SOLUTIONS OF SOME PARTIAL 
DIFFERENTIAL EQUATIONS AND GENERALISED 
INTEGRAL MEANS 

SLAWOMIR MICHALIK 


Abstract. We describe partial differential operators for which we can 
construct generalised integral means satisfying Pizzetti-type formulas. 
Using these formulas we give a new characterisation of summability of 
formal power series solutions to some multidimensional partial differen¬ 
tial equations in terms of holomorphic properties of generalised integral 
means of the Cauchy data. 


1. Introduction 

We consider the initial valne problem for a mnltidimensional linear partial 
differential eqnation with constant coefficients 

(1) {dt-P{d^))u = 0, u{0,z) = ip{z), 

where t G C, z G C”, P{dz) G C[cl 2 ] is a differential operator of order 
greater than 1 with complex coefficients and ip is holomorphic in a complex 
neighbonrhood of the origin. The nniqne formal power series solntion u 
of ([T]) is in general divergent. So, it is natural to ask about sufficient and 
necessary conditions (expressed in terms of the Cauchy datum ip) under 
which the formal solution u is convergent or, more generally, summable. 

If the spatial variable 2 ; is one-dimensional then, by the general theory 
introduced by Balser [2], one can find the sufficient condition for summabil¬ 
ity of u in terms of the analytic continuation property of the Cauchy datum 
ip (see [2[ Theorem 5]). Moreover, in this case, due to a certain symmetry 
between the variables t and 2 ;, this sufficient condition is also necessary (see 
m Theorem 4] and [T2]b 

But if the spatial variable 2 ; is multidimensional then the characterisa¬ 
tion of analytic and summable solutions of ([T]) in terms of ip is much more 
complicated. 

Such characterisation were found in the special case P{dz) = Az = 
when ([1]) is the Cauchy problem for the multidimensional heat 
equation. Namely, in this case Lysik [S] proved that u is convergent if and 
only if the integral mean of ip over the closed ball B{x,r) or the sphere 
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S{x,r), as a function of the radius r, extends to an entire function of ex¬ 
ponential order at most 2. Moreover, the author [m showed that u is 
1-summable in a direction d if and only if the integral mean of ip over the 
closed ball B{x,r) or the sphere S{x,r), can be analytically continued to 
inhnity in some sectors bisected hy d/2 and tt + d/2 with respect to r, and 
this continuation is of exponential order at most 2 as r tends to inhnity. 

These characterisations are based on the Pizzetti formulas which give 
the expansions of the integral means of p in terms of the radius r with 
coefficients depending on the iterated Laplacians of p (see Proposition [7]). 

Such expansion for the surface integral mean in was established already 
in 1909 by Pizzetti [12]. His result was extended to R” by Nicolesco [TB] . 
Another proof of classical Pizzetti formula in R”, which is based on so called 
generating functions of the solid and spherical means, was given recently by 
Toma [T7] . 

The Pizzetti formula has been also generalised by Gray and Willmore [7] 
to arbitrary Riemannian manifolds, by Da Lio and Rodino |6] to the case 
of the heat operator, and by Bonhglioli mu to the case of some subelliptic 
operators such as the Kohn Laplace operator on the Heisenberg group and 
its generalisation to orthogonal sub-Laplacians on H-type groups. 

In the paper we are concerned with Pizzetti-type formulas which express 
a given generalised integral mean in R” (or C"") as a series in the radius r 
whose coefficients depend on the iterated operator P{dz), where P{dz) is a 
given partial differential operator with constant coefficients. Observe that 
our approach to the generalisation of the Pizzetti formula is different from 
[6] and HIS], where the coefficients of the expansions are not given directly 
by the iterated heat operator or by the iterated subelliptic operators. 

Generalised integral means and Pizzetti-type formulas are the main tools 
used in the paper. Using them, we extend the results [9] and HD to more 
general multidimensional partial differential operators P{dz)- 

We show that if a generalised integral mean of p satishes a Pizzetti-type 
formula for the operator P{dz) then we are able to characterise convergent 
(and under some additional conditions also summable) solutions of ([T]) in 
terms of the generalised integral means (Theorem [T|). For this reason it is 
important to describe such operators P{dz), for which we can hnd gener¬ 
alised integral means satisfying a Pizzetti-type formula. 

In the paper we construct such generalised integral means for every ho¬ 
mogeneous operator with real coefficients of order 1 (Proposition Ej) and for 
every elliptic homogeneous operator of order 2 with real coefficients (Propo¬ 
sition inj). As a corollary we obtain a characterisation of analytic and 1- 
summable solutions of ([T]) in terms of generalised integral means in the case 
when = Ei.i Oyaiq is a homogeneous elliptic operator of order 2 

with real coefficients (Theorem [2|). We also prove that it is impossible to 
hnd a generalised integral mean satisfying a Pizzetti-type formula for any 
homogeneous (Theorem [3|) or quasi-homogeneous (Theorem 0]) operator of 
order p > 2. 
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We also extend the notion of generalised integral means to the com¬ 
plex case. Then we are able to construct complex generalised integral 
means satisfying Pizzetti-type formulas for P{dz) = Q^{dz), where Q{dz) 
is a homogeneous operator of order p < 2 and s G N. In particular, as 
corollaries we obtain characterisations of analytic and summable solutions 
of ([I]) in terms of complex generalised integral means in the case when 
P{dz) = ^21 — Z]fc =2 ^ wave operator (Corollary [2]), P{dz) = A® 

is the s-Laplace operator (Corollary [3]), P{dz) = (X]fc=i (Corollary 

HD and P{d^) = (E”j=i (Corollary [|). 


2. Notation 

Throughout the paper B{x,r) {S{x,r), respectively) denotes the real 
closed ball (sphere, respectively) with centre at x G M” and radius r > 0. 
Moreover, the complex disc in C"" with centre at the origin and radius r > 0 
is denoted by := {z E : \z\ < r}. To simplify notation, we write Dr 
instead of D^. If the radius r is not essential, then we denote it briefly by 
D" (resp. D). 

The Pochhammer symbol is dehned for non-negative integers k and com¬ 
plex numbers a as (a)o := 1 and (a)^ := a(a -|- 1) ■ ■ • (a -|- A; — 1) for A; G N. 
A sector in a direction d G M with an opening £ > 0 in the universal 

covering space C\{0} ofC\{0} is dehned by 

Sd{s) := {z G C \ {0} : z = re*®, d — e:/2 < 9 < d + e/2, r > 0}. 

Moreover, if the value of opening angle e is not essential, then we denote it 
briehy by Sd- 

Analogously, by a disc-sector in a direction d G M with an opening e > 0 
and radius ri > 0 we mean a domain Sd{e;ri) := Sd{e) U Dr^. If the values 
of e and ri are not essential, we write it Sd for brevity (i.e. Sd = SdU D). 

By 0{G) we understand the space of holomorphic functions on a domain 
G C C**. 

The space of formal power series u(t,z) = with Uj{z) G 

C>(D**) is denoted by 0{D'^)\/t]] or shortly by C>[[A]]. We use the “hat” 
notation (i.e. u) to denote the formal power series. If the formal power 
series u is convergent, we denote its sum by u. 

3. Moment functions and k-summability 

We recall the notion of moment methods introduced by Balser [1] and 
next we use them to dehne the Gevrey order and the A;-summabihty. For 
more details we refer the reader to [1]. 

Definition 1. A function u{t, z) G 0{Sd{e] ri) xD/) is of exponential growth 
of order at most k > 0 as t ^ oo in Sd{e]ri) if for every r G (0,r), 
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ri G (0, ri) and every e G (0, e) there exist A,B<oo such that 
max luft, z)! < for t G Sd{e]ri). 

\z\<r 

The space of such functions is denoted by 0’‘{Sd{s]ri) x D"^). If the values 
of £, ri and r are not essential, we write it 0^{Sd x D"^) for brevity. 


Definition 2 (see [H Section 5.5]). A pair of functions and is said to 
be kernel functions of order k {k > 1/2) if they have the following properties: 

1. Cm G C>(S'o(7r//c)), em{z)/z is integrable at the origin, em{x) G M+ 
for X G M+ and is exponentially flat of order k in SQin/k) (i.e. 
for every £ > 0 there exist A, 5 > 0 such that \em{z)\ < AeAA!^) 
for 2 ; G So{n/k — e)). 

2. Em G C>^(C) and Em{l/z)/z is integrable at the origin in S'7r(27r — 

/k). 

3. The connection between and Em is given by the corresponding 
moment function m of order 1/k as follows. The function m is 
dehned in terms of by 

poo 

(2) m{u) := / x^~^em{x)dx for Reu > 0 

Jo 

and the kernel function Em has the power series expansion 


(3) 


Em{z) 


E 


^ m(j) 
j=o ^ 


for z E C. 


Observe that in case k < 1/2 the set S'7r(27r — n/k) is ill-dehned, so the 
second property in Dehnition [2] can not be satished. It means that we must 
dehne the kernel functions of order fc < 1/2 and the corresponding moment 
functions in another way. 


Definition 3 (see [U Section 5.6]). A function is called a kernel function 
of order fc > 0 if we can hnd a pair of kernel functions and Em of order 
pk > 1/2 (for some p G M) so that 

em{z) = em{z^^^)/p for 2 ; G S'(0,7r/fc). 

For the kernel function Cm of order k > 0 we dehne the corresponding mo¬ 
ment function m of order l//c > 0 by ([2]) and the kernel function Em of 
order fc > 0 by ([3]). 

Remark 1. Observe that by Dehnitions [2] and [3] we have 


m{u) = m{pu) and Em{z) 


E 


j=0 



E 


j=0 


Hence if m is a moment function of order s > 0 then m 
moment function of order ps. 


m{jp)' 

iu) := m{pu) is a 
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Example 1. For any a > 0, 6 > 1 and fc > 0 we can constrnct the fol¬ 
lowing examples of kernel fnnctions and Em of orders fc > 0 with the 
corresponding moment fnnction m of order 1/k satisfying Dehnition [2] or El 

• em{z) = akz’^^e~^^ ^ 

• m{u) = ar{b + u/k), where F is the gamma fnnction, 

m E (z) = - ^ _ 

m a ^j=0 r(b+j/k)- 

In particnlar for a = 6 = 1 we get the kernel fnnctions and the corresponding 
moment fnnction, which are nsed in the classical theory of fc-snmmability. 

• em{z) = kz’^e-^\ 

• m{u) = F(1 -I- m//c), 

• Em{z) = J2j=o r{i+j/k) Ei/fc(^), where Ei/^ is the Mittag-Leffler 
fnnction of index 1/k. 

For any s > 0 we will denote by F^ the fnnction F 5 (n) := F(1 -f su), which 
is the crncial example of a moment fnnction of order s. 

By IB Theorems 31 and 32] we obtain the following proposition, which 
allows ns to constrnct new moment fnnctions. 

Proposition 1. Let mi, m 2 be moment functions of orders Si,S 2 > 0 re¬ 
spectively. Then 

• 77117712 is a moment function of order si -f S 2 , 

• mi/m 2 is a moment function of order si — S 2 for si > S 2 . 

In particnlar we have 

Corollary 1. We assume that s > 1. Then mi is a moment function of 
order s if and only if m 2 = mi/Ti is a moment function of order s — 1. 

Every moment fnnction m of order s > 0 has the same growth as F^. 
Precisely speaking, we have 

Proposition 2 (see [H Section 5.5]). If m is a moment function of order 
s > 0 then there exist constants c,C>0 such that 

(4) c’TsiJ) < m{j) < CWs{j) for every j G N. 

More generally we say 

Definition 4. If s > 0 and a fnnction m satishes (jl]) then m is called a 
function of order s. 

We nse moment fnnctions to dehne moment Borel transforms, the Gevrey 
order and the Borel snmmability. 

Definition 5. Let m be a moment fnnction of order s > 0 (or, more gener¬ 
ally, a fnnction of order s > 0). Then the linear operator Bm ■ —)■ Of\t\\ 

dehned by 

00 00 

UjE) := ^ 
j=o j=o ^ 

is called the m-moment Borel transform of order s. 
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We define the Gevrey order of formal power series as follows 

Definition 6. Let s > 0. Then u G (9(D”')[[t]] is called a formal power 
series of Gevrey order s if there exists a disc D C C with centre at the 
origin snch that Bpfi G 0{D x D^). The space of formal power series of 
Gevrey order s is denoted by C>(D”)[[t]]s. 

Remark 2. By Proposition [21 we may replace T* in Dehnition O by any 
function m of order s. 

Now we are ready to dehne the /c-summability of formal power series (see 
Balser pQ) 

Definition 7. Let fc > 0 and d G M. Then u G C>(D"')[[t]] is called k- 
summable in a direction d if there exists a disc-sector Sd in a direction d 
such that z) G 0^{Sd x D^). 

We also dehne a class of functions of order s, which contains moment 
functions of order s. 


Definition 8. If there exists a moment function m 2 of order s > 0 and 
polynomials pi{j), P2{j) and c > 0 such that a function mi of order s 
satishes 

(5) Pi{j)'mi{j) = P2{j)m2{j)c> for every jGN 

then mi is called a generalised moment function of order s. 


The importance of the assumption ([5]) comes from 


Proposition 3. We assume that mi(j) and m 2 (j) are sequences satisfying 
/c > 0, d G M and Fi{t) = ~ ^’2. Then Fi{t) G 

O'^iSd) if and only if F 2 {t) G 0’^{Sd). 


Proof. Since mi(j) and m 2 (j) satisfy ([5]), there exist polynomials pi(j), P 2 (j) 
and c > 0 such that 


ViU) 

m2(j) 


mi(j) 


for every j G N. 


Hence mi(j) and m 2 (j) have the same order and consequently also Fi{t) 
and F 2 {t) have the same Gevrey order, so in particular Fi{t) G C[[t]]o if and 
only if F 2 {t) G C[[f]]o. Moreover, if Fi{t) G C[[f]]o {i = 1,2) then their sums 
Fi{t) are well dehned and satisfy 


Viifdt)F2{t) 


E 


i=o 


m2(j) 


00 


i=o 


P2{j)ajF 

mi(j) 


P = p2{tdt)Fi{ct). 


It means that Fiif) G 0^{Sd) if and only if F 2 {f) G 0^{Sd). □ 


By [H Proposition 13] and Dehnition [7] we may also characterise conver¬ 
gent series u in terms of as follows 
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Proposition 4. Let k > 0 and u G 0(D"')[[t]]. Then u{t,z) converges for 
sufficiently small |t| if and only if Br^^^^uit, z) G 0^{C x D"'). 

Remark 3. By the general theory of moment summability (see [H Section 6.5 
and Theorem 38]) and by Proposition [21 we may replace Ti/k in De£nition[7| 
by any moment function m of order 1/fc or even by any generalised moment 
function of order 1/k. 

By Proposition 0] and by Remarks [2H3] we conclude that 

Proposition 5. Let fc > 0, d G M, m 6e a function of order 1/k and 
u = ^ Then u is convergent for sufficiently small 

|t| if and only if ^ ^ ^”)- 

Moreover, if additionally m is a generalised moment function of order 
1/k, then u is k-summable in a direction d if and only if there exists a 
disc-sector Sd in a direction d such that ^ ^’^{Sd x D^). 


4. Generalised integral means 

In this section we introduce the notion of generalised integral means. To 
this end we take 


Definition 9. Let /r be a finite complex Borel measure supported in the 
closed ball B{0, R) (for some R > 0) in R"" of total mass 1 (i.e. d/i(?/) = 

1). Moreover we assume that is a continuous function on a domain hi C 
R”, X E Ll and 0 < r < dist(a;, clhl)//?. Then the generalised integral mean 
M^{ip;x,r) of (p is dehned by 

(6) M^{ip]x,r):= (p{x + ry) dp{y). 

JR" 

Remark 4. Let us assume that 

(7) TB{y) = and psiv) = , 

a[n) na[n) 

where a{n) = 7r”/^/r(l + n/2) is the volume of the n-dimensional unit ball 
R(0,1), dy is the Lebesgue measure on R(0,1) and dS{y) is the surface 
measure on ^(0,1). Then 


M^,B{g>■,x,r) = / ip{x + yr) diasiy) = R ip{x + yr) dy 


' 5 ( 0 , 1 ) 


5 ( 0 , 1 ) 


and 


M^siRX,r)= / ip{x + yr) dpsiy) = R ip{x + yr) dS{y) 

J 3(0,1) 


5 ( 0 , 1 ) 


are respectively the solid and spherical means of ip. 
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Remark 5. We can extend Definition [H] to the complex case replacing in ([S]) 
the real variables x, r by the complex ones z, t. In this way we dehne by (jS]) 
the generalised integral mean z, t) for z G C"" and t G C. 

The crncial role in onr considerations is played by the extensions of the 
Pizzetti formnlas, which hold for some generalised integral means z, t). 

Precisely 


Definition 10. Let ip{z) G C>(D”) and P{dz) G C[ci^] be a homogeneous 
partial differential operator of order p with constant coefficients. We say 
that a generalised integral mean z^ t) satishes a Pizzetti-type formula 

for the operator P{dz) if 


( 8 ) 


M^{p;z,t) 




for some function m of order p > 0 with m(0) = 1. 


Our aim is to describe such generalised integral means Mf^{ip]z,t) which 
satisfy Pizzetti-type formulas for some operators P{dz)- 


Remark 6. Observe that a generalised integral mean M^{ip-^zR) satisfying 
the Pizzetti-type formula dHj) for the operator P{dz) has the following natural 
properties: 

a) \im Mp{ip; z,t) = Mp{ip;z,0) = ip{z). 

b) The mean-value property for P{dz). If P(cl^)(p(z) = 0 then ip{z) = 

z, t) for any z G D” and t E C. 

c) Converse to the mean-value property for P{dz). If (p{z) = z, t) 

for any z G and f > 0 then P{dz)y:>{z) = 0. 


5. Formal power series solutions 


We will use generalised integral means satisfying Pizzetti-type formulas to 
characterise summable formal power series solutions of the Cauchy problem 


(9) {dt - P{dz))u = 0, n(0, z) = p{z) G 

where t G C, 2 ; G C” and P{dz) G C[(? 2 ] is a homogeneous partial differential 
operator of order p > 1 with constant coefficients. The unique formal power 
solution of ([9]) is given by 






f € o(r>n[W]- 


Since P{dz) is an operator of order p, for every tq G (0, r) there exist A,B < 
00 such that 


j! 


sup 

\z\<ro 




for every j G Mq. 
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It means that u{t, z) is a formal series of Gevrey order p — 1. So, it is natural 
to ask about ^^-summability of u{t,z). By Proposition O and Corollary [T] 
we conclude 

Theorem 1. Let P{dz) G C[c?^] he a homogeneous partial differential opera¬ 
tor of order p > 1 with constant coefficients and Mf^{ip;z,t) be a generalised 
integral mean satisfying a Pizzetti-type formula ^ for the operator P{dz). 
Then the formal solution of ^ is convergent for sufficiently small |f| if and 
only if the generalised integral mean Mfj,{ip] z,t) satisfies 

z,t) e 0^{D^ X C) for k = 0 ,...,p — l. 

Moreover, if we additionally assume thatm is a generalised moment func¬ 
tion of order p then the formal solution of w is -^^-summable in a direction 

d G M z/ and only if there exist disc-sectors Sd+^ in the directions d±2k!L 

p P 

(for k = 0,... ,p — 1) such that the generalised integral mean Mn{(p-, z,f) 
satisfies 

M^,{(X>\zA) G O^iD'^ X S d+ 2 k^ ) for k = 0,...,p—l. 

P 

6. First and second order homogeneous operators 

In this section we describe generalised integral means satisfying Pizzetti- 
type formulas (E]) for the homogeneous operators of hrst and second order. 

First we assume that P{dz) is a general homogeneous hrst order operator 
with real coefficients. For such operators we have 

Proposition 6. Let P{dz) = Y^k=i^kdzk with a = {ai,... ,an) G M"" and 
k'S,a{,y) = d{y — a), where 5 is the Dirac delta. Then the generalised integral 
mean satisfies a Pizzetti-type formula 

(10) M^s,aiP,z,t) = ip{z + at) = ^ ^ 

j=0 

Proof. By the dehnition 

= / T{z + ty)dfX5Ay) = T{z + at). 

Moreover, by the Taylor formula for the function 1 1 —)■ ip{z-\-at) we conclude 
that 

p(z + at) = '£ ^ PlhMh ij 

j=0 j=0 

and flTU]) holds. □ 

For the Laplace operator P{dz) = X)fc=i ~ 1^^® classical 

formulas introduced for the hrst time in dimension n = 3 by Pizzetti na. 
Namely, we have 
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Proposition 7 ([HI Theorem 3.1]). We assume that the measures fisiy) 
and Hsiy) defined by & and the sequences of numbers ms and ms are 
given by 

(11) mB(j) = 4^(n/2 + l)jj! and ms{j) = {n/2)ji\. 


Then the solid zfi) and spherical z,t) means satisfy the 

Pizzetti formulas 

J ^b{j) 


and 


M^g{(p-Zfi) 


S(0,1) 


(p{z + ty) dS{y) = ^ 
i=o 


,27 

ms{j) 


Moreover, using the Pizzetti formulas we conclude 


Proposition 8 (P, Theorems 4.5 and 4.6] and [HI Theorem 4.1]). Let 
d G M and u G 0[[t]] be the formal solution of the n-dimensional complex 
heat equation 

{dt - A^)u{t, z) = 0, n(0, z) = (p{z) G C>(Z1”). 

Then: 

• M G if and only if Mfj,g {ip; z,t) G 0‘^{D'^ x C), and if and 

only %f Mf,g{ip]z,t) G 0‘^{D^ x C), 

• u is 1-summable in the direction d if and only if zfi) G 

0‘^{D'^ X (5rf/2 US)i/ 2 +,r)), and if and only if z,t) G 0^{D^ x 

{Sd/2 U 5'rf/2+7r))- 


Remark 7. Observe that 

mB{j) = 


PBi(j)(2j)! for odd n 
PB2(j)4-^(j!)^ for even n 


with polynomials pBi{j) = ^(2j + n)(2j + n - 2) ■ ■ ■ (2j + 1) and pB 2 {j) = 
^(2j + n)(2j + n - 2) ■ ■ ■ (2j + 2). Analogously 


msU) 


Psi(j)(2j)! for oddn 

Ps2(j)4-^(j0^ for even n 


with polynomials psi{i) = + n - 2)(2j + n - 4) • ■ • (2j + 1) and 

PS2{j) = (n- 2 )!! (2j+n—2)(2j+n—4) • ■ ■ (2j+2). Moreover by ExampleHJand 
Proposition [T] we see that P(1 + 2u) and P^(l + u) are moment functions of 
order 2. Hence mB{u) and ms{u) are generalised moment functions of order 
2 and Proposition [8] is an easy consequence of Theorem [1] and Proposition 

El 
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We may generalise the above results to the case when P{dz) = 
is a homogeneous elliptic operator of order 2 with real coefficients. So, 
we may assume that A = is a symmetric nonsingular positive- 

dehnite real matrix. Then there exists an orthogonal real matrix C such 
that A = C"’"AC is a diagonal matrix with positive entries on the main 
diagonal. Then 

P{dz)(p{z) = Azu(p{w) for w = z and (p{w) = LpiCh^^'^w). 

Applying the above change of variables to Proposition [7] we get 


Proposition 9. Let us assume that 


( 12 ) 

LB{y) 


d(A-L^C^y) 

a{n) 


dy 

|C'AV2|a(n) 


and y,s{y) 


dSiA-^/^C^y) 


na{n) 


where ICA^/^I is the determinant of the matrix CA^P, a{n) = 7r"'/^/r(l + 
n/2) is the volume of the n-dimensional unit ball B{0, 1), dy is the Lebesgue 
measure on and dS{y) is the surface measure on S'(0,1). Then the gen¬ 
eralised solid z,t) and spherical z,t) means satisfy Pizzetti- 

type formulas 


/ n OO 

(p{z+ty) dy= + ip{z+tCAP‘^y) dy = ^ 

D 


CA1/2(b(0,1)) 


msU) 


and 


M^,s{Tlz,t)= / t{z + tCA^Py) dS{y) = ^ ' 


S(0,1) 


where mB^j) and ms{j) are defined by IHH) . 


Hence, as in Proposition [H] we conclude 

Theorem 2. Let d G M, P{dz) = ^^j=i aijd"^.^. be a homogeneous elliptic 
operator of order 2 with real coefficients and u be the formal solution of 


{dt - P{dz))u{t, z) = 0, m(0, z) = (p(z) G 

Moreover, let z,t) and z,t) be generalised integral means 

with measures defined by l[IE) . Then: 

• M G if and only if z,t) G x C), and if and 

only if Mf,g{ip-,z,t) G x C), 

• u is 1-summable in the direction d if and only if z,t) G 

X (5rf/2U§d/2+^)), and if and only if z,t) G x 
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7. Higher order homogeneous operators 


In the previous section we have found the generalised integral means sat¬ 
isfying Pizzetti-type formulas ([H]) for hrst order homogeneous operators and 
second order elliptic homogeneous operators. In this section we will consider 
the homogeneous operators P{dz) of order p > 2. We will show that for such 
operators it is impossible to find any generalised integral means satisfying 
(jH]). To this end we use the following results: 


Lemma 1 (Zalcman theorem [HI Theorem 1]). Let p be a finite complex 
Borel measure of compact support on 

F(C)= [ di4v) 

be the Fourier-Laplace transform of p and ip G 0{D^). Then for each 
z G we have 

z,t) = f p{z + yt) dp{y) = F{itdz)p{z) 

Jrp 

for alltEC for which the integral exists and the right-hand side converges. 


Lemma 2 (Paley-Wiener-Schwartz theorem [HI Theorem 1.7.7]). F{z) G 
OifiF) is a Fourier-Laplace transform of a distribution v with compact sup¬ 
port fsuppn C B{0,r)) if and only if there exist C > 0 and N E N such 
that 

(13) |F(C)| <C'(1 + |C|)VI^“(^)I. 

Lemma 3 (Phragmen-Lindelof theorem, [S]). Let d G M, a < vr and 
F G 0^{Sd{a)). We assume that |T’(C)| < M for ( G dSd{a). Then 
\F{C)\<M force Sd{a). 

Now we are ready to state the main result of this section: 

Theorem 3. If p > 2, P{dz) is a homogeneous operator of order p and m 
is a function of order p then 

y PKdMz) ^,, 

^ m(j) 

is not a generalised integral mean for any Borel measure p of compact sup¬ 
port in M". 


Proof. First observe that for every homogeneous operator P{dz) of order p 


F{itdz)p{z) 


y P^{dz)T{z) 

MJ) 


F{C) 


yP^HO 

Mj) 


if and only if 
(14) 
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Hence by Lemmas [T] and [2] it is sufficient to show that the function F{() 
dehned by (fT^ does not satisfy the estimate (fT2D . 

To the contrary, let us suppose that F{() satishes We introduce an 
auxiliary function 

(15) f{t):=F{t,...,t) for f G C. 

By flT3|l . if argf = 0 then the function f{t) has a polynomial growth at 
inhnity, i.e. there exist C > 0 and N E N such that 

( 16 ) \f{t)\<c{i+\t\r 

for every t E C with argf = 0. Since P(-) is a homogeneous polynomial 
of order p, f(t) is invariant under the rotation of the angle ^ (i.e. f(t) = 

f{te~) for every t E C). It means that f{t) satishes ffT6l) also for every 
t E C such that argt = ^ for some A; G {0,... ,p — 1}. 

Next we hx the sector Sk ■= S ( 2 k+i)^ (—) and ak E C\Sk for k = 0,... ,p — 

p ^ 

1. Then the function 

satishes the following conditions: 

a) there exists Mk > 0 such that \fk(t)\ < Mk for every t E dSk, 

b) fk{t) E 0\Sk). 

Moreover, the opening of Sk is equal to y and y < tt for p > 2. It means 
that the assumptions of Lemma [3] are satished. Consequently, by Lemma [3] 

\fkit)\ < Mk for every t E Sk and k = 0,...,p — l. 

Hence there exist Mk < oo {k = 0,... ,p — 1) satisfying 

\f{t)\<]Mk{l + \t\)^ for every t E Sk and k = 0,...,p—l. 


Taking M = sup{Mo,..., Mp-i} we conclude that 

(17) < M{1 + \t\)^ for every t E C. 


On the other hand, if P{—i ,..., —i) 

i(j> 

t = e~~ R 


= m{j) < AB^{pj)\ and 
for P > 0, 


then 


/(C = 




m{j) 


> 


E 

j=o 




E 


i=o 


(Pj)! 


for some a, 6 > 0. Hence /(f) is of exponential growth as P —)■ cxo, contrary 
to (Ell. It means that P(C) does not satisfy ffT3|l . which completes the 
proof. □ 
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8. Quasi-homogeneous operators of higher order 

We extend the results of the previous section to the case of quasi-homogeneous 
operators using the ideas of Pokrovskii [TB] . 

Definition 11. Let N = {Ni,..., Nn) G N” and p G Nq. A polyno¬ 
mial P{C)^ C ^ C”, (respectively an operator P{dz)) is said to be quasi- 
homogeneous of type N and of order p ii P{Q = Yh ^ 0, where the 
sum is taken over the set of all multi-indices k = (/ci, ..., kn) G Nq such 
that \kN\ = kiNi + • • • + knNn = p and := Cf' ■■■Ct- 

Observe that every homogeneous operator is quasi-homogeneous of type 
(1,..., 1). More interesting example is given by the heat operator P{dz) = 
dz^—dl^ — —which is a quasi-homogeneous operator of type (2,1, • • •, 1) 
and of order 2. 

For quasi-homogeneous operators it is convenient to consider the following 
A^-version of generalised integral means 


Definition 12. Let /i be a finite complex Borel measure supported in the 
closed ball R) (for some i? > 0) in M" of total mass 1 (i.e. dp{y) = 
1). Moreover we assume that is a continuous function on a domain 12 C 
M"', X G 12 and r > 0 is so small that x r^y G 12 for very y G i?(0, i?), 
where r^y = r^^yi -|- • • • -1- r^^pn- Then the N-generalised integral mean 
[ip] X, r) of ip is defined by 

a;, r) := I ip{x + r^y) dp{y). 

For the ^generalised integral means we have the following version of 
Lemma [1] 


Lemma 4 (see [E]). Let p be a finite complex Borel measure of compact 
support on M"", 

F{Q^ f e-'K-’rfMfe) 

jR" 

be the Fourier-Laplace transform of p and p G 0{D'^). Then for each 
z G D" we have 

z,t)= [ ip{z + t^y) dp{y) = F{it^dz)p>{z) 

JR" 

for alltEC for which the integral exists and the right-hand side converges. 

So, we can extend Theorem [3] to the quasi-homogeneous operators as 
follows 


Theorem 4. If p > 2, P{dz) is a quasi-homogeneous operator of type N 
and of order p and m is a function of order p then 


E 


i=o 


P^{dz)p>{z) 




m(j) 
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is not an N-generalised integral mean for any Borel measure fi of compact 
support in M"'. 


Proof. First, similarly to the proof of Theorem [3l we observe that for quasi- 
homogeneous operators P{dz) of type N and of order p 


F{it’^d^)ip{z) 


P^{dz)p{z) 


if and only if 
(18) 


oo 


m = E 

j=0 


m{j) 


so by Lemmas [2] and m it is sufficient to show that F{C) given by flTSD does 
not satisfy flT^ . To this end we repeat the proof of Theorem [3] replacing 
(USD by 

f{t)-.= F{t^) = F{t^\...,t^-) for teC. 


□ 


9. Complex generalised integral means 

In this section we extend the dehnition of generalised integral means to 
the complex case. Namely we have 

Definition 13. Let /i be a hnite complex Borel measure supported in the 
closed disc (for some i? > 0) in C" of total mass 1 (i.e. dyi{y) = 1). 
Moreover we assume that (p is a continuous function on a domain G C C”, 
z & G and 0 < r < dist(z, Then the complex generalised integral 

mean M^((p; z, r) of Lp is dehned by 

M^{ip;z,r):= ip{z + ry) dfi{y). 

Using complex generalised integral means we are able to extend the results 
about homogeneous operators of hrst and second order. 

In particular Proposition [6] holds in the case when P{dz) is a general 
homogeneous operator of order one with complex variables (i.e P{dz) = 
(^jdzj for some a = (oi,..., a„) G C”). 

Analogously, Proposition |9] and Theorem [2] are valid for general homoge¬ 
neous operators P{dz) of order two with complex coefficients (i.e. P{dz) = 
Yl^j=i ^ij^zizp where A = is a symmetric nonsingular complex ma¬ 

trix). In this case a diagonal matrix A = C^AC is not necessarily positive 
and consequently the measures and dehned by (IT^ are supported 
respectively in the complex sets CA^/^(i?(0,1)) and CA^/^(S'(0,1)). 

As an example we take the n-dimensional complex wave operator 

n 

P(S.) = aj. - E A = € - A.. = 

k=2 
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where z = (zi, 2 : 2 , • • •, ^n) = ( 2 ^ 1 , z') G C”. Next we define the measure on 

5i(0,1) = {{xi+iyi,.. .,Xn+iyn) e : yi = X2 = ■ ■ ■ = Xn = 0, xl+yl^ - lyl < 1} 

by yBi{z) = , where dy is the Lebesgue measure on 5(0,1), 

and the measure on 


51 ( 0 , 1 ) = {{xi+iyi,.. .,Xn+iyn) e : yi = X 2 = ■ ■ ■ = Xn = 0 , xf+yl^ - hyl 

by ysi{z) = ^ dS{y) is the surface measure on S'(0,1). 

Then the generalised solid {ip; z, t) and spherical {ip; z, t) means 
defined by 


= ip{z + ty)dyBi{y) = -f + tiyi,iy 2 , ■ ■ ■ ,iyn)) dy 




S(0,1) 


and 

(v^; t) = 


'Si(0,l) 


ip{z+ty) dfiSliy) = (p{z+t{yi,iy 2 ,...,iyn))dS{y) 


S(0,1) 


satisfy Pizzetti-type formulas for the complex wave operator 


00 


j=0 


rriBij) 


and 


00 


(‘d; = 

j=0 


,27 

msU) 


where rriB^j) and ms{j) are defined by ffTTD . 
So by Theorem [T] we get 


Corollary 2. Let d G M and u = u{t, z) G (P[[t]] be the formal solution of 
the initial value problem 

idt-n,)u = o, u{0,z) = cp{z) eO{D^). 

Then we conclude that: 

• M G if and only if Mfj^g^{(p] z,t) G 0'^{D^ x C), and if and 

only if Mf,g^{ip]z,t) G 0‘^{D^ x C). 

• u is 1-summable in the direction d if and only if M^g^{ip] z,t) G 
0'^{D'^ X {Sd/ 2 ^Sd/ 2 +n)), and if and only if Mf,g^{ip; z,t) eO‘^{D^x 
{Sd/2 U 5'rf/2+7r))- 

Using complex generalised integral means we also obtain 


1 } 


Theorem 5. Let p,s G N. ITe assume that a complex generalised integral 
mean satisfies a Pizzetti-type formula 

Mi,B{(p-,z,t) = j p>{z + ty) dpBiy) = ^ ^ 

Jb mj) 
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for some measure fiB supported in B C C", for some homogeneous operator 
Q{dz) of order p and for some function m of order p. Moreover, we assume 
that the measure pi% is defined by 

s 

k=0 

Then the complex generalised integral mean {ip; z, t) satisfies a Pizzetti- 
type formula for the operator Q'^{dz) 


S—1 


M A rC TT Z 

= -2_^ 2^ T{z + ty)dpB{e~~y) 

S Je PS B 

^ k=0 ^ 


j=0 


m{sj) 




Moreover, if u = u(t,z) G O^t]] is the formal solution of the initial value 
problem 

{dt - Q"{dz))u = 0 , m ( 0 , z) = ip{z) e 0{D^), 

ps 

then we conclude that u G if and only if M^s ((^; z, t) G Op^ (D"' x 

C). 

If we additionally assume that d G M and m is a generalised moment 
function of order p then u is {ps — 1)~^-summable in the direction d if and 

ps 

only if ( 93 ; z, t) G Qp^ {D"^ x S d+ 2 kn ) for k = 0,... ,ps — 1. 


Proof. We have 
M^s^{ip;z,t) = 


l^^Q^{dz)(p{z) ^ 

e ® 


m{j) 


t-y = 


Q^^{dz)^{z] 

m{sj) 


^psj 


k=0 j=0 ' ' j=0 

which proves the hrst part of the theorem. The proof is completed by 
applying Theorem [T] and Remark [TJ 

In particular, we obtain 


□ 


Corollary 3. VTe assume that s G M, P{dz) = 
s-Laplace operator, 

S—1 -| S—1 

PBiy) = -Y1 PB{e~^y) and = - XI Ps{e~^y), 


k=0 


k=0 


where the measures PB{y) cind ps{y) defined by &■ 

Then the generalised solid M^s^{g)] z,t) and spherical M^s^{ip; z,t) means 
satisfy Pizzetti-type formulas for the operator A® 


1 


s-l 


k=0 


M|^Sg{T^,z,t) = -Y^ + ip{z + e""ty)dy = Y 


B(0P) 


3=0 


mB{si) 


t^sj 
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and 


/ (piz + e'"'ty)dS{y) 
5(0,1) 


,2sj 

ms{sj) 


where ms and ms are given by JH, 

Moreover, if we additionally assume that d E M. and u = u(t,z) G Of\t\\ 
is the formal solution of the initial value problem 


{dt - Al)u = 0, m(0, z) = ^{z) e 0{D^), 


then we conclude that 

• u E if and only if z,t) E x C), and if 

and only if z,t) E x C), 

• u is {2s—l)~^-summable in the direction d if and only if z,t) E 

2s ^ 

O^s-i (D'^xS d+ 2 kn ) for k = 0,, 2s—1, and if and only ifM^s iip-^ z, t) E 
( 92 s-i (^£)^ X S d+ 2 kTT ) for k = 0,... ,2s — 1. 

Analogously we get 


Corollary 4. We assume that s G N, P{dz) = (X]fc=i ® = 

(oi,..., On) E C”' and tilaiv) — “ X]fc=o ^V ~ 'u^here 6 is the Dirac 

delta. Then the complex generalised integral mean M^s^(^ip;z,t) satisfies a 
Pizzetti-type formula for P{dz) 


^Ps,SPW,t) 




2k7Ti . ^ ^ 

e s at) = ^ 
j=o 


P^idz)^ , 
{sjy. 


If we additionally assume that s > 1, d E M and u = u{t,z) E 0[[t]] is the 
formal solution of the initial value problem 


{dt - Pm)u = 0, m(0, z) = ifiz) E 0{D^), 


then we conclude that 

• uE C>(i4”+^) if and only if z,t) E 0^{D'^ x C), 

• u is {s—l)~^-summable inthe direction d if and only if z,t) E 

O'^ {D^ X S d+ 2 k -^ ) for k = 0,..., s — 1. 

s 


Corollary 5. We assume that s G N, P{dz) = ifZy!ij=i > where A = 

® symmetric nonsingular complex matrix with the corresponding 
diagonal matrix A (i.e. A = C"’"AC for some orthogonal complex matrix C). 
We also assume that 

-| S—1 -| S—1 

PBiy) = - Ysiy) = - XI ps{(^~^y)^ 

^ k=0 ^ k=0 

where the measures pis o,nd pis defined by 







SUMMABLE SOLUTIONS OF SOME PDES 


19 


Then the complex generalised integral means {ip; z, t) and ( 99 ; z, t) 
satisfy Pizzetti-type formulas for P{dz) 

^’ ^) = f ^ ^ i^z)p{z) ^2sj 

and 

Mf,s^{(p]z,t) = j Lp{z + ty) dp%{y) = ^ ^ i.^z)p{z) ^ 2 s]^ 

JC^ '<TT'S[SJ) 

where the seguences of numbers ms and ms are given by d- 

If we additionally assume that d eM. and u = u{t, z) G 0[[t]] is the formal 
solution of the initial value problem 

{dt - P{dz))u = 0, u{0, z) = g^iz) G 

then we conclude that 

• u E if and only if z,t) E x C), and if 

and only if z,t) E x C), 

• u is {f2s—l)~^-summable in the direction d if and only if z,t) G 

2s 

C> 2 s-i (D'^xS d+ 2 kn ) for k = 0,, 2s—1, and if and only if z, t) E 

023-1 X S d+ 2 kTT ) for /c = 0 ,..., 2 s — 1 . 

10. Final remarks 

In the presented paper, we are concerned with the application of the 
Pizzetti-type formulas to the characterisation of the convergent and summa- 
ble formal power series solutions of the equation ([ 1 ]) in terms of holomorphic 
properties of generalised integral means of the Cauchy data. 

Another, maybe more trivial, application is indicated in RemarkEl Namely, 
immediately by the Pizzetti type formula we get the mean-value property 
and converse of the mean value property for a given operator P{dz). 

The Pizzetti formula has also the applications in such different fields of 
interest as asymptotic solutions of PDFs, spherical harmonics, and numeri¬ 
cal analysis. For the deeper discussion about these applications we refer the 
reader to the introduction of [5] and the references therein. 

We hope that new examples of Pizzetti type formulas in the present pa¬ 
per, especially Corollaries ISHHl will allow to obtain new applications in the 
mentioned above helds of interest. 

In particular, in author’s opinion, one can apply the Pizzetti type formula 
for the s-Laplace operator A^, given in Corollary [31 to the study of s- 
polyharmonic generalisations of spherical harmonics and zonal functions in 
the spirit similar to [3]. 

Moreover, using the ideas from Theorem [5l it seems to be possible to 
generalise the Pizzetti type expansion for the mean value over a geodesic 
sphere in a Riemannian manifold from to an s-complex version of a 
geodesic sphere. 
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We are going to study these problems in the subsequent papers. 

Acknowledgement. The author would like to thank the anonymous ref¬ 
eree for valuable comments and suggestions. 
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